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1.1 Scalar Function

function

戯 ii
a fun

codomain

def scalar function

Let ftp be ascalarfunction
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1.2 Geometric interpretation z fxp
level curves 他称下 contour

map topographicmap
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cross section

将x或y值⽂为
constant

Q Sketch the cross sections ofgcxpiiy
for Xi CE⼟左
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点
2 i ⾬ifor id do dd.IEZ x
Z x22

level surface
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2.1 Definition of a limit
himfix

hhlfcx.pcabfabD.VE

so I 870 st HE so I 870
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2.2 Limit Theorem

proof

let so 杰产品 fcx.yFLi.fi gcxy L2

a Bydef of limit ⺕870
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蕊灬 i xyty吵 灬
i T T Ilimit theorem 1

蕊 iy
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⼆

proof prone by contradiction limit is not unique
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23 Prove limit DNE

证明 hit DNE

and limit g年
蕊和 遇到 ixiy.io蕊 f 热 F态下
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24 Prove Limit exist Squeeze
theorem

rt
Let so

焱产品Bcxy 0

⼈ bydefof limit thereexist So

s.t.foclllxp.labills then lfcxp LIEBlxp IBcx.pkE.itlxptla b Bix yzoi.bydeff limit 蕊的fixy L

fly 舞2 L 0

Ycx y x co o
il fly L1 1箚2 01 灵毖
iylzoi.xkx2
y2xj.EC黎炎 ⼆

lyli.tny xco o oElflxy L Elyl
takBlxy lyl 杰产品
lyli.bysqueeze theorem 焱⼝⼼ 其前2 0















































































































12XYY lz.it441
Elziltlyy by triangleinequality
21x121412
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approach limitdong y
⼆以
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25 Inequalities

if I E 1加1 1413 by triangle inequality

Ellxltlyl 奸们 0
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b approach limitdogy 0

赢 州 想花 0
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3.1 Continuous function

cont function of one variable

fwntatx a i.fm is defined

2 想funexists 想和 想fix exists
蕊 f 蕊 f

了想fix⼆fun
cont function of two variable

def.fcxpcontatcab linixp.ca fxp
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3.2 Continuing Theorem

f o 1 1

gc co.no
f h to

k E Io oo

ht t ER ft El ⻔ER defined
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Continuitytheorem

proof bydef continuous function him咖的 flyfca.blimrxpnabglxp

gia.bgdef sum limitproperties nyiftgny
⼆感 fix pt蕊的guy
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⼆Cfg La b
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4.1 First Partial Derivatives

Dif⼆第⼀位为variable if 令⼥为constant

⽤于判断 f在来么For fly z

叫⾮ fiyify

⼀ 师 ⼼

处⼈否defined
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步⼆ x.la ekY kx2ekxy
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4.2 Higher order Partial Derivatives

iiiiiiiu in.tnIf

鼎 ⼆fyy⼆ Dif ⼆步啸
⻢前⼆fyx⼆ DiDf ⼆点吩
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聂2 ⼆点lekxytkxye.MY

zkyekxytkiytkyzxi
lektkyeyizkxekytktyekxy.FI⼆ 步
kxtyjizkxeklkxyekxy.gg⼆ 吉 kxt𠯻 kiekxy















































































































淼
如果有其中⼀个 not out 别 theorem不成⽴ fxytfyx
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根据Haircut's law 如⽶g out 则 ⾥⾯牳⼴德切换位总






















































































































4.3 The tangent plane

U cross sectionFb of thesurface
Z fix以
其 cab ⼆ slopeof Li tangent lineof G

G cross section x a of thesurface

Zfy
其 cab ⼆ slopeof h tangent lineof h
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4.4 Linear Approximation for Eflxp
linear animation of 1 D

caseyfun在 la fun 点处 in tangent line f ft fianna
linearization off at ai La吅⼆funtf么以 a

当x a ⼈知 fix
linear animation of 2 D case
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Let flxp tsinxttan.cab lo

其⼆ tlsinxttyi.cosx 步 ill sinxttanyi.se

cyflxpho.in y
fio i tfxw ixtfyl0 i y i
ltix y
l 015

Increment frm of linear approximation
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45 Linear Approximation in higher dimensions

linear approximation in 1123

fcxy z

linearizationof fat ⾄⼆ La b c
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linear animation inRn
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5.1 Definition of differentiatiab.ly
differentiating for functions

one variable

R.am 吅 La x

ithismeans Real is smaller than ra
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two variables

p
将㖄 代⼊基于⼼

所得到的targetplane中

proof i飍 ⼆0 ⼈ the limit is o dong ang path
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differentiable的例⼦

fixy is diffat lab ⼆ ⼼ if 蕊 夞思前⼀

找 Ru lxyFflxp lu.sn

pLuo lxp fcno7 fxll o lx Dtfyl1o y o of11，0 1
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5.2 Differentiable Continuous

proof Let error Ricablxy ⼆ flx.p Lca.nu

Pflxy flabtofcab lx a y b Rcab lxy bydefLcan
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5.3 Continuous Partial Derivatives and differentability

flxysdfatla.bz 成其㙛 out at lab
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the approximation is valid for ly ⼼
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6.1 ChainRule in 2 dimensions

ChainRule frflx.tn
Ffntn
恐装瓷
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Thevector formof basicchain rule

装⼆ Tlxct yet Ect
ˊ x t yet z ⼼

lxltych.zltD.it_tIlxltylh.zltD.itw T lxlt yct ZltD

jutF ft t2 till it 312

g ⼆ fit I 1 1.2坐了啊
代⼼

2点1 1 2 3
代⼊of

⼆6


















































































































6.2 Extension of BasicChainRule
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6.3 TheChainRule for Second Partial Deities

Ecu ftp.e ⼋
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7.1 Directional Derivatives

level curve fly
⽬的 define a derivates unit vector Hall 1
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proof appg Chain Rule
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7.2 Gradient Vector in 2D

angle between in t HullHillcost

Greatest rateofchange theorem GRC

proof if is diff at lab Hulkl

Pafab ofcab a

11fub 1111allcos0
11ofa叫噐

相当于求11 fu all
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direction in⼆ofIt 2 ⼠别

ofmy 1 2x y 11 fu 啡 42 2万
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Orthogonality theorem

proof if p 相当于沿着等⾼蜓
谋

0⼆⻘fixit 灿 fxlxctnyctDxititfylxnyctDyits
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7.3 TheGradient Vector in3D

Orthogonality theorem in3D

fix y z k
of lǎntāko
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8.1 Taylor Polynomial of Degree 2

Tgh polynomialof Single variable
Pnalx fcaitfhcx ajtifncx.ci

tix pi尛 f a

Tghgnd of 2variable 21

近似虚厵
⼈以 y

General formof taylorpolynomial
Rcab lay ⼈以 lxptfAlxait_BCxajybjtf.lyb

2

2A ⼦炎凹 B 22R.ca

272y
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22P.ua了

不

Let fy 3 a b 1以
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jHfu2 其 剖
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8.2 Taylor with2nd degreeremainder

1 D Taylor theorem

Lacx f atfiascx.su

iiiiiiIf 以 ⼈叫 ⼆112㖄27
⼆ilfiulcx.ci EÍǏ x a 2

2D Taylor theorem
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冰⼼垢⼼xtfyy.fi0 1 flo o flo 0 1

Find Hessian Matrix

Hfxptlfix.pe4lHyiiyiJ
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8.3 Taylor推⼴

对⼆ 制 步
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近2 12xzěy
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Kth degree Tylor polynomial

Rib ly ⼆点 Ifcab IlyHa bix
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9.1 Local ExtremaandCritical Points

Critical Points in 1 variable

defaitidpoit.fi 0 or fin undefined
⽤于找 loadextrema

counterexample fix x3 criticalpoint To not localmaxiin

Critical Points in 2 variables

假设 lab islocalmaxhinfrflx.li flap in栱截⾯
cab is a criticalpointof crosssectionsfixb flap
假设 f haspad derivatives 其Labro 芹 ab

t.qut.tnof tangentplaneatCab B Eftab

none 相当于平⾯平⾏于刚北⻔
























































































fxlxp 2xfycx.pwy
ifxlxp andfylxp whenx

o.ywi.coo is theonlycriticalpointof
ftp.xyzotfco.oltnptco.o
lo o is

locdminznr.fxcxp

xfylxpyifxlx.peomdfylxp whenx

o.ywi.coo is theonlycriticalpointoff
fly xy ⼆fco.no try too

lo o is key

fxcxy 2x fylxpyifxlxpmdfylxp whenx

o.ywi.coo is theonlycriticalpointoff
This time we have hlxo hw o V
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洲轴向峰值之间具有相对minImax临个点⼀衩轴
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9.2 Second Derivative Tat
f for one variable
second

degreeTaylor Polynomial lx alfxs fcntfianx ajtifhlx

aJIfxaiscntidpo.itoff then fun
f ⼆feast if 以 lxaiffca ifhlx

aifiapoff.az so in localmin

If a ⽆法得出结论
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associated quadraticform Qu以⼆ it low 2v2

i infinite
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determinant quadraticforms

at A 2 9 7 0 indefinite

fxlxy 35 8x 4 42 D

fly 8y 0
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Degenerate Critical Points

ftp.x4tytglxp x4 y4hcxpe x4y4
consider point co 0

ftp.fco 20 local min

gig 20 ⽐
saddle

go.pgco.noyhlxphlo.DE local max

def degenerate
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secondpartial derivative test ⽆法得出结论
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cntidptfxpfia.btfxca.ba a fycaby b tRcabcxp
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9.3 Convex functions 凸形函数
Convexfunctionofone variable

Propertiesof convex functions ofonevariablei

ConvexfunAimoftwovariables

Propertiesof convex fundus oftwovariables

nnn

























































10.1 ExtremeValueTheorem

absolutemaximumand minimum fix y

EVIoffix

1

1 I o 2 f 品
以

iflEXE2

2 I 0 E fix tan x Y.fOi.io3 I 1 o fix ⽅





















































































bounded unbounded

帮

相当于boundary point 的集合 所有涉及到义 嘟 not closed

the set R is closed since it doesn't have a boundary

thus contains all of its boundary points







































































































a closed and bounded at 永远有absolute man min

is is not bounded xlyifx.PT
i.EUT doesn't啊

fry not continuous

i.EU doesn't

啊
即使不满⾜ET fry 也可能有absolutemaximin


































































































10.2 Algorithm for extreme values

Closed itend method

fun在Ia的的极值 符熋 me iffinfish在Bcs in极值
D atid point in s

body set on S

iofcxyiy.sithe only criticalpoint off is co o ES fco.io
找man min 当边个为直线时 ⽤⽔中⼀个求解别
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Let xcosty sitctE2 gctnfcwstsi_niostsint is.hu

it cosit criticalpoint t
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izobmdagsetgcosgcz.io
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以 ⼼ 值 你出maxpoint
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f is continuous ou S and S is closed and bonded

i.EU can apply

列出 critical points

of zxy.tl
critical point U 0 1.0

写出 boundary set

BCS lx.pl9⽔ 4236
Let x 2cost y 3sit
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check criticalpoint

if no p 4 2 x Di.org criticalpoint is It 2
ill 2 4S ⼀ solution不可能⼈ 1，2

chahbundgjo.tt
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gy fw.PEytz by observation loadextrema leo co了

yw.OEXEZgcx
flx.no 2xtz.bg observation loadextrema lo 0 20

y 3 Ìx 0EXE2

pifcx 3 Ìx Ì it Ēx 1 jn 3xtiw.FI
local extrema Li I

evdwteflofF_Efo.DE 1 2第 f Ī Í 击
max min
















































































































10.3 Optimizationwith constraints

实际问题 找到闩来glx.pt in函数 fnp 嵊⼤保⼩组
Q 三条产品线 x y Z 利润 Ry z ⼆axtbytcz

垆成本维持在k美元 Clay z k

希望利益Pay 2 最⼤化

不⽤参数化曲线得到多⼤作⼩值
Lagrange Multipliers
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check condition ofmy ⼊ gcx.pglxpityf.iofy⼆ 4 fixy 16，4

gx 6xgy yogcxp 6x.ly
解 6⼆6⼊x

4 243⼤y2 A

obtain points 12.4 2 4

check condition guy o_o g ly ⼆⽇
i lo o guy 16x y xyzo 不满⾜constraints

Nopoint
checkedits
Y constrains is closed curve

i No endpoints 找点
⽐较evaluate

fu 4 u f l 2 4 35
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check condition ofmy ⼊ gcxp guy y4x4x3

f 0 f 1 ofxy 0，1
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points ti Ì ⼀衔
check condition ogcx.pro o guy 0

lo ⼆
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14ㄨ3 35 y
checkedits
Y constrains is closed curve 通过画图导出
i No endpoints

wdwat.fi
⼀衔三

器 fit 可会堊 f

maxpoint 必语语 minpoint Ì ⼀匪 ⼀衔
















































































































3 Variables

miuflxy.ZFlxD2ty z.it ⼼ 2
2

sit xy422 1
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11.1 Polar Coordinates

Coordinate
System 坐标系

def.asystemfor representing the locationof a point in a spacebg ordered ntuple
suchas Cartesian coordinate

system

polar coordinates 极坐标

cylindrical coordinates 圆柱坐标

的spherical coordinates 球坐标

PolarCoordinates
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no

f
clockwise并

polar coordinates of P r 0 r 0 2ㄤk k⽐
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nonngt.ve
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诈图
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只在⼀三象限

A 2倍汒冰⽐- 5兆⼆4

找红
2s nu 1 Wii wii
画图 分割

积分

A 2 lffilzsmwjd fi it

Ītz































































































11.2 Cylindrical Coordinates 三维

axis ofsymmetry 0 专cylinder Cartesian

Play z Rrws0 rs.io z

wenn
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11.3 Spherical Coordinates

def 3 demenc.iond coordinate
system

spfidCatnpyp ppsiny.seps叫 ⼼ ⼼
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psiuycosO.ggconversion equation
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12.1 TheGeometry ofMapping

x y Fct ⼆cftngctD

ifcx.prgvxplu.liFly
⼆
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Forthe line x OYE2
weget u 1142 172r 1 1y y
equation in urplane u 1 以2 1 v2

i v y 0EYE2

For line x 了 OYE2

qwtiminuvplanew32 jiq y 9 livjiq.ir
0E j V红 EVE6

For line II 1Ex 了

weget r
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12.2 Linear approximation of a mapping

u 尘 ㄨ 年了

increment form of ln appox.frmagiouDFcaboxox0 li approx formapping Fcxp FlabtDFca.ba

fnngcx

fcxp x2siuygcxy y2cosx

DFlxp 儽葬
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Dinny 芹囊 囊了

DFB 4 声 剗

沿了⼆ 吓了 4 毕了 声 靰器 品毕了

F 3.02 3.997 2.8 t l o016 o 024 1.984 8.04




























































































123 Composite mapping and Chain Rule

a Lpq ⼆ FlGuy ⼆ Fly xy ⼆lxy
xy.xyybiDGlx.yFIYYJDFlu.ir云⻔ DFG xy ⼆ 焱 i
Dim DDG lxp h i M

Ij 㖙
前䇷 代⼊ u y
DLFoG x y


















































13.1 The inverse mapping theorem

Invertible
mapping

To Fly FoF x y x y ⽐

One to one

One to one invertible

inverse of derivative matrix

proof By Chain Rule DF⼼肝四 ⼆DcFoF x

By 议 DF中 九 D 羹藰 69 I





































































相当于解 笸烨 qq.in
i inverse mgyislx.pl u v u u v7
derivative matrices

DFmy 个⻔ DF⼼⼝ 9元
verify inverse

DF 呒 订 个6 69 将 rx 代⼊

TheJacobian of a mapping

find derivative matrix DFcr.cl
DF in0 喜劖

⼼0 rs.no
s.no road

dude Jacobian
出㗊 his 装㓯 r
























































proof I DFlu v DF ly I Bytheorem2

dttidetCDFlu.DDFlx.pl
⼆detCDFlu v DF ly

i DFly is invertible 㩲 to
i 字器 ⼆ 点啖

proof 2luDay ⼆ et 0 Kxy ER
i Flo 0 ⼆ Flo 2元 1.0

i F is not one to one ou R
i F DNE on 1122







































































Inverse
mapping

theorem

Jacobian of F 2luv
⼦ xp

⼆ dtIMijy
3x.i.lyy ll 2 JacobianBnonzero

i partial derivative of Fonts by cts tho
i By inversemapping theo there is a neighbourhood of u 以

l FoF x y F y x2 xy
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13.2 Geometrical Interpretation of the Jacobian
217

边 灰 叮 pity I𠮩 毕刷
灰 别 灰 谐趴剑汇焱了

⾯积 Ay oxy 0Aw Ht I燚 燚
1det谈剡oxy

basicrelation 0 1蕊 loAylS.huoxyD
Jacobian ofmy⻔户描述图像变换的情况

DFB 4 享 剗
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13.3 Constructing mappings

Q

boundary lines

y x.no
4 x 5

3 7 元
3xy 5

⽆ no

u 1 V21
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14.1 Double integral

相当于取⽆数⼩份 将⾯积相加

点flxiy.ioA ⼆点flxiyiloxiyi

Double integral as areas

Specialize f to beconstant functionwith value liflxyil.tnysEDareafdlrectanglennP𤇍fixiy.ioAi
All ⼆DidA

Double integral as Volume

S lxy Z o z f y ly EDJ

us ⼆点 fyi Ai
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Q.Find the column of thesolidinsidethecylinder.itFl above
yplane

andbelow theplane ztx 1
1⽇
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⼈⼀⽔
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Properties of double integral

⽤于获诗⽆法精确弄出来 double integral 唨


























































14.2 Interested integrals

Aux 燚 fixpdy 0 lil 恱品fcxpd.ph
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sketch the region D

Setup inequalities
boundedabove yo
bounded below

xty 2
x in范围 0EXE2 0Eye tix

Setup
evaluate integral
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Decomposition theorem

对于较为复杂 讴城 ⽆法⽤碍式来描述

g

吖
t叫 dA⼆名fnpdA

ffpdAD.IO

EXE4 0EYE_Ìxt3
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14.3 Change of variables

Y T D f D R.ffsdi ffyonldetD.eu dnu

u v Flxy il2y x il3xyj
Jacobianof F Ii i

lxy F u ⼝ utw 3utv

Jacobianof F 垫㗊 5
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bounds x 0 0EYEㄤ vy u
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Double integrals inPolarCoordinates

x y F l r 0 rcosd.rs⽐

热㗊 r

x rwsoyrsin02xtyizrcosdtrsin0
rlzcosots.hu

by change of variable theorem

guxtpdA frczosots.ws lrldr do

信信 iczcosotsindjdrdo
5

zix

rcosoxl srcostlri.su0
x2y2 2x r2 2rcos0 r 2cos0

senders2cos0 ĚEQEĚ
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14.1 Definition of triple integral

interpretation oftripleitgrdiffxy.edu
triple integral as volume UD ffl fmy.zillx.y.DED

triple integral as mass i朵哲fx.yzsdVOMituflxi.fi
Zi Ni

M ⼆点fixi.yi.ZDNi
ppt.is
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14.2 Iterated integrals
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看㑎 dxdA 他可以写作 㓵原莎dzdxdy

f z dA
NFzdz.ly
Ífydy
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143 Change of Variable Theorem

㖌 fcx.y.SN

levelsurface y ytz xytz
DxyzilEYE3tytZEOIExtytZE2
defamqgi y.liytznixytzJaob.me烈步台了

⼆州 兴 x

⾏ change of variabletheorem Iyidxdydz
⼆点刈盥以

dudvdwgwerseppgfjaub.tn热器 ⼆ I烈个别 ⼆⼥

I xduddw
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Cylindrical Coordinates

x psinycosoypsinysiuozp.wsY
f0 0EYEㄤ 0E0 2⺎

Jacobian il叕炛制psiny.pt
䎕㗊 detIYidtniliiffsiny.pcinfps.nlcosy

Step1 make changeofvariables x y z au.br 以

derivative matrix AI Ǚ I let A

abc.qnatmfdysoidiuhhwtl.stepzi.hg.to

yhenidwordwtesinfY.cl
Jacobian

ifsiny.qnatmfdlysoid.pe1

Steps evaluate the integral
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Spherical Coordinates

za p dist to origin
p Qi usual polar angle cos⽐ 2元e

y f i angle with the z ax.su EYED
f

t

Example

lx y z O 0 l D Lx y z O 0 5

咇 ⼼
必区 1 no

y
it 以 𤤾 划 it 以 15

s
YI凌

⽯ s
Vsys
ii

Formulas

z

costf Epost siny fr p.int
so

t x 0 psinycos0

y rsio psinfs.no

z post ftxyni ⼈相当于滩翍⼈理























































